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Abstract. The class of Riemann zeta distribution is one of the classical classes of prob- 
ability distributions on JR. Multidimensional Shintani zeta function is introduced and its 
definable probability distributions on R'' are studied. This class contains some funda- 
mental probability distributions such as binomial and Poisson distributions. The relation 
with multidimensional polynomial Eulcr product, which induces multidimensional infin- 
itely divisible distributions on R'', is also studied. 



1. Introduction 

1.1. Probability distributions. There exist many classes of probability distributions 
such as normal and exponential distributions. The Fourier transforms of probability 
distributions are usually called characteristic functions in probability theory. In the study 
of probabilistic limit theorems and stochastic processes, analytic methods often appear 
by treating them. 

Let yU. be a probability distribution on and its characteristic function := J^^ ei(*'^) 
n{dx), t G M"^, where (■, ■) is the inner product. In the following, we give some examples 
of characteristic functions. 

Example 1.1. {€) {Delta measure.) Let ^g,{= ^a) be a delta measure at a & W^, then 

fldit) = exp i(a, t), te W^. (1.1) 

(n) [Binomial distribution.) Let d = 1 and fiBn be a binomial distribution with parameter 
K eN. Then, 

/iBn(t) = (pe'* + g)^, teM, (1.2) 

where p,q > with p + q = 1 . 

(Hi) [Compound Poisson distribution.) Let ficPo be a compound Poisson distribution. 
Then there exist some c > and p, a distribution on with p({0}) = 0, such that 

/2cPo(t) =exp(c(p(t)-l)), teR". (1.3) 

The Poisson distribution is a special case when d = 1 and p = 6i. 

There is another class of distribution which is defined as follows. 
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Definition 1.2 (Infinitely divisible distribution). A probability measure fi on M.'^ is infin- 
itely divisible if, for any positive integer n, there is a probability measure /i„ on such 
that 

/i = ^C\ 

where /i"* is the n-fold convolution of fin- 

This class is known as one of the most important class of distributions in probabil- 
ity theory. Infinitely divisible distributions are the marginal distributions of stochastic 
processes having independent and stationary increments such as Brownian motion and 
Poisson processes. In 1930's, such stochastic processes were well-studied by P. Levy and 
now we usually call them Levy processes. We can find the detail of Levy processes in [18] . 

1.2. Riemann and Hurwitz zeta functions. Zeta functions play one of the key roles 
in number theory. The Riemann zeta function is regarded as the prototype. First results 
about this function were obtained by L. Euler in the eighteenth century. It is named after 
B. Riemann, who in the memoir "On the Number of Primes Less Than a Given Magni- 
tude", published in 1859, established a relation between its zeros and the distribution of 
prime numbers. The definition of the Riemann zeta function is as follows. 

Definition 1.3 (Riemann zeta function (see, e.g. The Riemann zeta function is a 

function of a complex variable s = a + it, for a > 1 given by 

oo ^ 
n=l 

p 

where the letter p is a prime number, and the product of Yip is taken over all primes. 

It is well-known that the right-hand side of (11. 4p is called the Dirichlet series and (ll.Sp 
the Euler product. The Dirichlet series and the Euler product of ({s) converges absolutely 
in the half-plane a > 1 and uniformly in each compact subset of this half-plane. 

By partial summation, we have 

(fs) = > — + + s / ^^——dx, 

n<N^ Si Jn X 

where the sequel [x] denotes the maximal integer less than or equal to x. The above 
formula gives the analytic continuation for ({s) to the half-plane a > with a simple pole 
at s = 1 with residue 1. 

Next we introduce Dirichlet characters and the Dirichlet L-functions. Let g be a positive 
integer. A Dirichlet character x mod g is a non-vanishing group homomorphism from the 
group CZ/qZy of prime residue classes modulo q to C. The character which is identically 
one is denoted by xo ^-nd is called the principal. By setting x(^) = x{(^) for = a mod q, 
we can extend the character to a completely multiplicative arithmetic function on Z. 
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Definition 1.4 (Dirichlet L-function (see, e.g. ^or a > 1, the Dirichlet L-function 
L{s, x) attached to a character x i^od q is given by 



The Riemann zeta function ({s) may be regarded as the Dirichlet L-function to the 
principal character xo mod 1. It is possible that for values of n coprime with q the 
character x('^) may have a period less than q. If so, we say that x is imprimitive, and 
otherwise primitive. Every non-principal imprimitive character is induced by a primi- 
tive character. Two characters are non-equivalent if they are not induced by the same 
character. Characters to a common modulus are pairwise non-equivalent. 

It is well-known that if x is a non-principal Dirichlet character, the Dirichlet series of 
L{s, x) converges for a > according to Abel's partial summation. We can show that 
L{s, x) is continued analytically to C, similarly as the case of the Riemann zeta function, 
and regular at s = 1 if and only if x is non-principal by partial summation. Further- 
more, Dirichlet L-functions to primitive characters satisfy a functional equation of the 
Riemann-type. 

As one of a generalization of C{s), the following function is also well-known. 

Definition 1.5 (Hurwitz zeta function (see, e.g. For < u < 1 and a > 1, the 

Hurwitz zeta function ([s, u) is defined by 



Note that we obviously have C,{s) = ^(■5,1). The function C{s,u) is analytically con- 
tinuable to the whole complex plane as a meromorphic function with a simple pole at 



1.3. Riemann and Hurwitz zeta distributions. In probability theory, there exists 
a class of distribution on M which is generated by the Riemann zeta function. First it 
appears in [13] and we can also find it in |9]. What we have known about this distribution is 
not many. Few properties are noted in [9] and further ones are studied in |T3]. Recently, 
a class of distribution on M generated by the Hurwitz zeta function is introduced and 
studied in [11]. In this section, we mention the Riemann and Hurwitz zeta distributions 
with some known properties. 




(1.6) 




(1.7) 



s = 



1. 



Put 



then fait) is known to be a characteristic function. (See, e.g. [9].) 



Definition 1.6 (Riemann zeta distribution on M). A distribution fi^r on M is said to be a 
Riemann zeta distribution with parameter a if it has fa{t) as its characteristic function. 
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The Riemann zeta distribution is known to be infinitely divisible. Its Levy measure is 
given of the form as in the following. 

Proposition 1.7 (See, e.g. [9]). Let ficr be a Riemann zeta distribution on M with char- 
acteristic function fa{t). Then, ^„ is compound Poisson on M and 



-~T(J 

r=\ 

(e-"^-l)iV,(rfx), 



where is given by 

N^{dx) = Srlogpidx), 



oo 



p r=l 

where 6^ is the delta measure at x. 

Next we mention the Hurwitz zeta distribution. Put the corresponding normalized 
function and a discrete one-sided random variable X^^^ as follows: 

+ ^) -in) 

and 

Pr(X^^ = login + u)) = \J \ forriGNUiO}. 

C{cT,u) 

Then f^r^u is known to be a characteristic function of —X^r^u- 

Proposition 1.8 ( [TTl Theorem 1]). (i) The Laplace- Stieltjes transform of X^^u is \&o-,m(s) = 

C(cr + s,u)/C{a,u), s > 1- a. 

ill) The characteristic function of —X^^u is fa,u- 

Therefore, we can define the following distribution. 

Definition 1.9 (Hurwitz zeta distribution on M). A distribution fi^^u on M is said to be a 
Hurwitz zeta distribution with parameter {a, u) if it has f^ ^ its characteristic function. 

The infinite divisibility of ficr,u is studied in [TT] . 

Proposition 1.10 ( [TTl Theorem 3]). The Hurwitz zeta distribution ficr,u is infinitely 
divisible if and only if 

u = - or u = \. 
2 

The Levy measure of /i^ i is also given as follows. 

Proposition 1.11 ([TTl Theorem 2]). The Hurwitz zeta distribution /i^i is compound 
Poisson (infinitely divisible) with its Levy measure N^i given by 



(dx) = J2Y1 —;-^r\ogp{d. 

p>2 r=l 

where the first sum is taken over all odd primes p. 
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Remark 1.12. We have to note that both the Riemann and Hurwitz zeta distributions 
are defined in the region of absolute convergence. The parameter a is always larger than 
1 not in the whole complex plane. 

1.4. Shintani zeta function. As a multiple sum version of Hurwitz zeta function, 
Barnes [5] considered a multiple sum of the form 

oo 

Cr(s, n I A) := ^ (Aini H h A,.n,. + u)~% 3fJ(s) > r > 2, 

ni,...,nr=0 

where u, Ai, . . . , are complex numbers satisfying some conditions. Nowadays this func- 
tion is called the Barnes r-tuple zeta function. Barnes proved that the function C,r{s, u \ A) 
can be continued meromorphically to the whole s-plane and is holomorphic except for sim- 
ple poles at s = 1, . . . , r. Barnes defined the multiple gamma function by Cr(s, u \ A) and 
studied its properties. Afterwards many mathematicians have studied properties of the 
Barnes multiple zeta functions (see, for example [IHl Section 1]). 

In order to study the Barnes multiple gamma function, the following generalized Barnes 
multiple zeta function is introduced. 

oo m 

Cs{s):= lliMni + Ul) + ■ ■ ■ + XlriUr + Ur))"' . (1.8) 

ni,...,nr=0 1=1 

Note that the original motivation of Shintani's research lies in the problem of construct- 
ing class fields over algebraic number fields. Cassou-Nogues (see, for example [6]) who 
was inspired by Shintani's work, considered those multiple series of the form that the 
numerator of (11. 8p is multiplied by certain roots of unity with Si = ■ ■ ■ = s^- She proved 
its meromorphic continuation and gave applications to L-functions and p-adic L-functions 
of totally real number fields (see, a survey [151 Section 2]). Imai [12] and Hida [10] consid- 
ered this series and the series with more generalized characters in the numerator. In [T0| 
Lemma 2.4.1], it was showed that these multiple series converges absolutely and uniformly 
on any compact subset in the region 3f?(s;) > r/m for all 1 < / < m. Moreover, in [I0| 
Theorem 2.4.1], it was proved that they can be continued to the whole space C™ as a 
meromorphic function. 

1.5. Aim. It is well-known that infinitely divisible characteristic functions do not have 
zeros. In zeta cases, this property can give us information of zeros of zeta functions which 
is one of the most important subject in number theory. Historically, there exist many 
probability distributions on M.'^ and multiple zeta functions but we do not see useful zeta 
distributions on M'^. The purpose of our recent work is to establish zeta distributions on 

as other well-known distributions and show properties of them including the relation- 
ship with number theory. As a first generalization, in view of the series representations, 
we have introduced multidimensional Shintani zeta functions and corresponding zeta dis- 
tributions on M'^ in [3]. In [2], in view of the Euler products, we also have introduced 



6 



T. AOYAMA AND T. NAKAMURA 



multidimensional polynomial Euler products as to define infinitely divisible zeta distribu- 
tions on M"^, and necessary and sufficient conditions for some of those products to generate 
compound Poisson characteristic functions are given. 

In this paper, adjusting to general number theory further, we reconstruct our previous 
story of ^ and give new results which could not be obtained in Section 2. Some important 
examples of distributions and functions related to infinite divisibility, number theory and 
zeros of zeta functions are also given and considered. In Section 3, the relation with 
multidimensional polynomial Euler products is shown and some important examples of 
zeta functions related to these new classes are studied as new results. 



2. Multidimensional Shintani zeta functions and zeta distributions on 

2.1. Multidimensional Shintani zeta function. As we have mentioned in Section 1.3, 
the known zeta distributions are considered only the case on M. For a generalization of 
them to M'^-valued, we define a new multiple Shintani L-function. 

Definition 2.1 (Multidimensional Shintani zeta function, Zs{s)). Letd,m,r G N, s G 
and {rii, . . . , ra,,) G Z>q. For Xij, Uj > 0, q G M'^, where 1 < j < r and 1 < I < m, and a 
function 9{ni, . . . ,nr) G C satisfying \0{ni, . . . ,nr)\ = + ■ ■ ■ + UrY), for any e > 0, 

we define a multidimensional Shintani zeta function given by 



ni,...,nr=0 



This is a multidimensional case of the Shintani multiple zeta functions, when the co- 
efficient 9{ni, . . . ,nr) in (12. ip is a product of Dirichlet characters, considered by Hida 

m. 



Remark 2.2. A similar definition is already introduced in [3]. It was defined for some 
fixed e > not for any e > 0. By following the general number theory, we renew our 
definition. 



Put 



s:=a + it, a,teR'^. 



The absolute convergence of Zs{s) is also given as follows. 

Theorem 2.3. The series defined by (12. ip converges absolutely in the region mini<Km 
^{ci, s) > r/m. 

Proof. Note that r G N and J2h=i(^i^ ^) — > and u := mm{uj} > 

0. Obviously, we have 

(A;i(ni + ui) -\ h Xir{nr + Ur))~^ < X~^{ni H \- Ur + ru)~^ . 
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Therefore, for any < e < YlJLii^h o^) ~ it holds that 

6'(ni,...,n^) 



E 



n\,...,nr=0 

oo 



A-EI^i(c;,5'>(^^^ H Vnr + ruf 



ni,...,nr=0 J- J-t— 1 ^ ' 



-Jl,...,rtr = 

oo 



ni ,...,nr=0 

<A-EI^i(Q,-> 



+ ru) 



|£-EiILi(ci,CT> 



+ 



oo /"OO 



c/Xi ■ ■ ■ dXr 







a;^ + rn)~^+EI^i(ci,f?> 

CXD, 



where 



-1 



— e 



e — r 



> 0. 



, 1=1 



Thus Zs{s) converges absolutely in the region mini<;<m 5J(q, s) > r/m. □ 

Note that it is proved that Zs{s) can be continued to the whole space as a mero- 
morphic function when d = m, ci = (1, 0, . . . , 0), . . . , = (0, . . . , 0, 1) and 9{ni, . . . , Ur) 
is a product of Dirichlet characters in [10] . 

Let Zs be the set of all multidimensional Shintani zeta functions Zs and denote by 
C the region of absolute convergence of Zs G Zs given in Theorem 12.31 The 
following is a new result which can not be obtained by our previous definition. 

Theorem 2.4. Let k = {ki, . . . , /c^) G Zi^^ and Zs G Zs- Then, 



Z^^^ G Zs 



where 



Zf\s) 



Zs{s), s-gDz. 



Proof. The case when /c = is trivial. Let s G and put q := (qi, . . . , q^). Define a 
vector-valued function Th{ni, . . . , Ur), where (rii, . . . , n^) G Z>q and 1 < /i < d, as follows: 



d 

Tfe(ni, . . . ,?T,^) := —9{ni, ...,nr)Y\_ (Agi(ni + Mi) H h Ag,.(nr + Mr)) 



Then we have, for (rii, . . . , n^) G Z>q and 1 < h < d, 

9{ni, ...,nr) YJ^=i{-Cqh) log(Agi(ni + Ui) H h \r{nr + ^ir)) 



T/,(ni, . . . ,rar) 



niii(An(ni + Ml) + . . . + Ai,.(n,. + Mr))<^''^^ 



Put 



9'^{ni, ...,nr):= ^(-Cgh) log(Agi(ni + mi) H h Aq,.(rir- + Mr))- (2.2) 



8 T. AOYAMA AND T. NAKAMURA 

Obviously, we have, for any e > 0, 



\9h{ni, . . . < ^ \cqh\og{Xgi{ni + Ui) H h Ag^(n,. + n^)) | 



9=1 



- + ^i) ^ \- \v{nr + ^ir))' 

9=1 
/ m 

- X^l-^^il^i + wi) H ^ + M^)) 



.9=1 

for sufficiently large rii, . . . ,77,^. Thus |6'^(ni, . . . ,nj.)| = 0((?t,i + ■ ■ ■ + rir)^'^). 

By Theorem 12.31 2^5(5*) converges absolutely in D^. Therefore one has, for s*G and 
l<h<d, 

d °° 



.,nr=U 



ni,...,nr 
00 



6'(ni, . . .,nr)9'^{ni, ...,nr) 



;;=o llT=iiMni + Ml) + ■ ■ ■ + Ai,K + 
0'l{ni,...,nr) 



where 0'^{ni, . . . , n^) := 6'(?7,i, . . . , nr)9'fj^{ni, . . . , ra^) satisfying 

|^;:(ni, ...,nr)\ = Mn,,..., nr)9'{n^, . . . , = O ((m + ■ ■ ■ + . (2.3) 

Hence we have {d / dsh)Zs{s) G ^5 for 1 < < m. Inductively, we also have Z^g\s) G 
Zg for any /c G Z>q. This completes the proof. □ 

Some important examples of Zs{s) are the following. 

Example 2.5. {i) When d = m = r = An = mi = ci = 1, 6'(n) = — log(n + 1), we have 

00 , 

Zs{^ = -j:-^ = Cis), (2.4) 

n=l 



the derivative of the Riemann zeta function which is contained in Theorem 2.4 



{a) When d = m = r = An = Ci = 1 and 6{n) = e '"'^ , where f G M, we have 



^ (n + u)^ 

the Lerch zeta function which is a generalization of the Hurwitz zeta function. When 
9{n) = g", where q is a complex number and < |g| < 1, then 

n=0 ^ ' 
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the Lerch transcendent function. 

{in) When d = m = r , Xu = ■ ■ ■ = Xmr = 1, ci = (1, 0, . . . , 0), . . . , = (0, . . . , 0, 1), 
6{ni, . . . , Um) = 1, ni > ■ ■ ■ > Ur > 0, and 6{ni, . . . , n^) = 0, otherwise, then one has 

oo _ 

~ (ni + UiY^ {n2 + U2y^ ■ ■ ■ K + UrY^ 

ni>->nr>0 , , 

oo ^ y^-') 

= V - 

^ , H h n,. + UiY^ (ria H h n,. + na)^^ . . . (n^ + ^J^r ' 

ni,...,nr=l / V / 

the Euler-Zagier-Hurwitz type of multiple zeta function. 

2.2. Shintani zeta distributions on M*^. By following the history of zeta distributions 
on M, we define a new probability distribution on M.'^ generated by Zs and consider their 
infinite divisibility. 

Let 6{ni, . . . ,nr) be a nonnegative or nonpositive definite function and again write 
Q = (qi, . . . , cid) e M*^ in Definition [2?T1 

Definition 2.6 (Multidimensional Shintani zeta distribution). For {ni, . . . ,nr) G Z>g 
and a satisfying mini<Km(Q, (?) > r/m as in Theorem \2.3[ we define a multidimensional 
Shintani zeta random variable Xg with probability distribution on given by 

Pr^X^^ = - ^Qilog(An(7^i + Mi) H h \lr{nr + Ur)), 

• • • , - Qdlog(Azi(ni + ni) H h \ir{nr + ?ir)) 

= ^^^^^-^ n(An(r.i + nO + ■ ■ ■ + A..^ + ^.))"^""^- 

It is easy to see these distributions are probability distributions since 
d{ni, ...,nr) , , , . , , ^\-{ci,a) 



Zs{.B) 



JJ(A,i(ni + Ml) + ■ ■ ■ + A;^(n^ + m^)) ^''''"^ > 



1=1 

for each (ni, . . . , n^) G Z>q when 6'(ni, . . . , n^) is nonnegative or nonpositive definite, and 

^ ^;7^11(^n(rii + ni) + --- + A,,K + n,)) =^^7^ = 1 

by Theorem 12.31 

The characteristic function of is as follows. 

Theorem 2.7. Let Xg be a multidimensional Shintani zeta random variable. Then its 
characteristic function f^ is given by 

/,({) = ^4^. f^K-. 
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Proof. By the definition, we have, for any t G 



oo „ / \ m 



ni,...,nr=0 i=l 

□ 

This theorem shows that Definition 12.61 gives a new generahzation of zeta distributions 
on R mentioned in Section 1.3 to M*^- valued. 

In the following, we give some simple examples of probability distributions on M in this 
class. 

Example 2.8. Let m = d = r = 1 and put An = X, ui = u and c\ = c, where A,m > 
and c G M, then Shintani zeta distribution contains the following distributions. 

(1) Delta measure. 

(2) Binomial distribution. 

(3) Poisson distribution. 

These examples can be obtained as follows. 

Proof of Example \2.8[ First we show (i). Let a > c~^, 6{0) = 6' G M and 6{n) = 0, n > 1. 
Then we have, for any t G M, 

Zsia) - ^(A«)— -^^''> 

Hence we obtain a characteristic function of a delta measure at — clog(Au). 

Next we show (ii). Let j G N \ {1}, \ = u = l, c= — (logj)~ , a < — logj and 
0(j) > 0. Put 

P = T-T-TTTwT' q = l-p- 



Then we have, for any t G M, 

Let K G N, ^(j^' - 1) = xCk (0(J))^ A; G {0, 1, ... , /sT}, and e{n) = 0, otherwise. Now 
consider a Shintani zeta function of the form 

By (12. 8p . we have, for any t G M, 

Hence we obtain a characteristic function of a binomial distribution with parameter K. 
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Finally, we show [Hi). Let a ^ M., j E N \ {1}, A = n = 1, c = — (logj)~^ and 
a < — log j. Put ^(0) = 1, 9{j^ — 1) = i""^ /k\ and 6{n) = 0, otherwise. Then we have, for 
any t G R, 

Zsia + it) = Y: ^^^^ = E fc, ^ = (j"+^/'°-e") . 

Therefore one has 

Hence we obtain a characteristic function of a Poisson distribution with mean j'^+°'/'°sJ > 
0. □ 

Remark 2.9. A'^oie i/iai we have added some conditions for a in Example \2.8\ as to adjust 
to the definition of the Shintani zeta distribution. However, these examples can be given 
under the condition with any cr e M where the corresponding Shintani zeta functions 
convergence absolutely as well. 

For keZio, put 



(a + it) 



Note that Z^^'^ G Zs by Theorem 12 .41 Then, we have the following. 

Theorem 2.10. If ff\t) is a characteristic function of a multidimensional Shintani 
zeta random variable Xg, Yl]=i-^ir'^r > 1 one? Cii,...,Cid have the same sign for each 

1 < I < m, then f^'^ is also a characteristic function for any k G ^>q • 

Proof. Let Xg: be a multidimensional Shintani zeta random variable. From (12. 2 p in the 
proof of Theorem 12. 4[ the functions ^^(ni, . . . , n,.) and 6"{ni, . . . ,nr) := 6{ni, . . . ,nr) 
0'f^{ni, . . . , Ur) are nonnegative or nonpositive definite when X]j=i ^ir^r > 1 and qi, • • • , Qd 
have the same sign. Note that 0'^{ni, . . . , Ur) have the opposite sign of c^, . . . , cu when 
Yl^i=i^ir'^r > 1- Moreover, we have (12.31) . Thus, X^', replaced 6'(ni, . . . , n^) of Xg by 
6"{ni, . . . , 77,^), is also a multidimensional Shintani zeta random variable. Hence, by The- 
orem [2]T1 fi'^^ is a characteristic function when = 1. Inductively, we also have the 
case > 1. □ 

The following is well-known. 

Proposition 2.11 (See, e.g. [H]). Let fi be a probability measure on W^. 

(i) Let n be a positive even integer. Iffi{t^ is of class C" in a neighborhood of the origin, 
then fj, has finite absolute moment of order n. 

(ii) If E I{W^), then does not have zeros that is 'j2{i) ^ for any t G M"^. 



Next we give the moment condition of the multidimensional Shintani zeta distribution. 
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Theorem 2.12. Let k E N and Xg he a multidimensional Shintani zeta random variable, 
then we have 

E\Xg\'^'' < oo. 

Proof. Let fg be the characteristic function of X^. By following the proof of Theorem 
I2.4[ we have, for any n E N and t G M"', is of class C". Thus by Proposition 12.111 (i), 
for any n = 2k, we obtain E\Xg\'^'' < oo. □ 

We also have the following by Proposition 12.111 (ii). 

Theorem 2.13. Multidimensional Shintani zeta distributions with fg having zeros in the 
region mini<Km 3f?(Q, s) > r/m are not infinitely divisible. 

Remark 2.14. A similar distribution is also defined in the same way by the former defi- 
nition of the multidimensional Shintani zeta function in [3] . The region of a is expanded 
to mini<;<m(Q, a) > r/m from —e + YllLii'^u (^) > r for some e > 0. Also Theorems \2. 7| 
and \2.13\ are shown when a satisfies —e + J2h=i{^h (?) > r m [3]. Since Theorem \2.4\ is a 
new result, Theorem \2.12\ is completely new one. 

By Theorem 12. 13^ zeta distributions generated by following functions when they have 
zeros for some a are not infinitely divisible: 

(1) Partial zeta functions Yln<N ^'^^ some suitable integer N, 

(2) The derivative of the Riemann zeta function (12. 4p . 

(3) The Lerch transcendent function (12. 6p proved in [8]. 

(4) Some Dirichlet series with periodic coefficients, which contains the Hurwitz zeta 
functions with u ^ 1/2 and u are rational, treated by Saias and Weingartner [17], 

(5) Euler-Zagier-Hurwitz type of multiple zeta functions (12. 7p when ui,...,Ur are 
algebraically independent over rationals proved in [161 Proposition 3.2]. 

3. Relation with multidimensional polynomial Euler products 

In [2], we have introduced multidimensional polynomial Euler products as to expand 
the Riemann zeta distribution to R'^-valued with infinite divisibility. Its definition is as 
follows. 

Definition 3.1 (Multidimensional polynomial Euler product, Ze{s) ([2])). Let d,m eN 

and s E C^. For —1 < ai{p) < 1 and ai E M.'^, 1 < I < m and p E F, we define 
multidimensional polynomial Euler product given by 



IIL 

ze{^ = nn(i - "Ki'K^""^^)"' • (3.1) 



Let Ze be the set of functions of Ze- Then we have the following. 
Theorem 3.2. It holds that 

Ze C Zs- 



For the proof of this theorem, we use the following lemma. 
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Lemma 3.3 ([191 Lemma 2.2]). Suppose that a function L{s) is given by 



n=l p 1=1 ^ ^ 

Then A{n) is multiplicative and 

m 

p\n 0<fci,...,fcm ;=i 
fciH \-km=v{n;p) 

where v{n\p) is the exponent of the prime p in the prime factorization of the integer n. 
Moreover, if \ai{p)\ < 1 for 1 < I < m and all primes p, then \A{n)\ = 0{n^) for any 
e > 0, and vice versa. 

Proof of Theorem \3.2[ We have, for any s G satisfying mini<i<rn^{3i, s) > 1 and 
1< / < m, 



n(i-«,(rtP-<"--^)-=n(i+5:siy)=5: 

p P k=l ' n=l 



n 



where 

A{n) = l[ai{pr^''-'^\ 

p\n 

This equahty imphes Lemma [373] with m = 1. Note that |yli(r;,)| < 1 since — 1 < < 1. 
Thus we have, for any s e C'' with mini<Km 5R(a/, s) > 1, 

p 1=1 1=1 ni=l '^Z ni,...,n„=l ^1 '^"i 

Obviously, we have YViLi I^K'^OI — 1 \YYiLi \ A{^i)\\ = 0{{ni + ■ ■ ■ + UrY) for any 
e > 0. Therefore 



p 1=1 ni,...,n,n=l ^1 '^'T* 



□ 

In the next, we consider this relation by treating some simple zeta functions. 

Example 3.4. Let dk{n), /c = 2, 3, 4, . . . , denote the number of ways of expressing n as a 
product of k factors, expression with the same factors in a different order being counted 
as different. Then we have 

p mi=l ^ r?ife=l n=l va\---mi^=n n=l 

where 9fJ(s) > 1 (see, for example [201 (l-2-2)]y). 



By applying Lemma 13.31 we can give another example of Shintani zeta distribution on 
related to number theory. As to give it, we use the following well-known function. 
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Definition 3.5 (Dedekind zeta function of Q(i) (see, e.g. [Z])). Let Q(i) be a quadratic 
field of discriminant —1. The Dedekind zeta function o/ Q(i) is a function of a complex 
variables s = a + it, for a > 1 given by 

CQ(i)(s) := C{s)L{s), 



where 



n=l 




L{s):=J2^^, X-4(ri) := <j -1 n^3 mod 4, (3.2) 



1 mod 4, 
3 mod 4, 
0, 2 mod 4. 



Now we have the following. 

Example 3.6. The Dedekind zeta function generates a characteristic function which be- 
longs to the multidimensional Shintani zeta distribution. 

Proof. This function is closely related to number theory. By the definition, we have 

X-4(n) 



m,n=l 

Thus we can not see whether this function generates a distribution in the sense of Shintani 
or not in this way. However, it is known that (see, for example [3 p. 221]) 

CQ(i)(^) = 4 Yl (m2 + n'^Y ^ ^ 

{m,n)eZ2\{0,0) ^ ^ n=l 

where A{n) is nonnegative definite coefficient given by 

A{n) := ^#{(mi, ms) e Z"^ : ml + ml = n} = X-A{d). 

d\n 

Moreover, we obtain A{n) = 0{n'^) by Lemma 13731 Therefore now we can see that CQ(i)('5) 
generates a distribution in the sense of Shintani. □ 

Remark 3.7. We have also shown that the Dedekind zeta function also generates a mul- 
tidimensional compound Poisson characteristic function in view of the multidimensional 
polynomial Euler products. (See, [21 Example 4.2 {})].) It should be noted that this func- 
tion is one of the rare case we can show that the normalized function belongs to both 
multidimensional Shintani zeta distribution and compound Poisson distribution generated 
by the multidimensional polynomial Euler products since it is difficult to obtain positive 
A{n) for general zeta functions. 

Throughout this section, we have considered the relation between series representations 
and Euler products of multivariable zeta functions. We also have noted that Shintani zeta 
distributions contain binomial and Piosson distributions as in Example 12.81 Though, it is 
still difficult to treat zeta distributions on R"' only by series representations. As mentioned, 
we have introduced infinitely divisible zeta distributions on by Euler products in [2]. 
However, they also include products which generate not infinitely divisible M^'-valued 



SHINTANI ZETA DISTRIBUTIONS 



15 



characteristic functions and not even to generate characteristic functions. To obtain more 
detail of behaviors of multivariable zeta functions in this view, we have studied them by 
treating multivariable finite Euler products as a simple case in [1]. 
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